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Abstract. By transforming the usual Lax pairs of the isospectral and non-isospectral MKadv
hierarchies into Lax pairs in Riccati form, a unified explicit form of Bécklund transforma-
tions and superposition formulae for these hierarchies of equations can be obtained.

1. Introduction

As a powerful means in the construction of solutions for non-linear evolution equations,
the Backlund transformation has become a very important subject in the study of
nonlinear evolution equations [1-6]. During the past few years, it has been noticed
that by using the Darboux matrix method, a unified explicit form of Bicklund transfor-
mations can be obtained for some hierarchies of isospectral equations, such as isospec-
tral Kdv, MKdv, sine-Gordon and the akns hierarchy [7-11]. The approach to the study
consists of constructing the Darboux matrix first, and then proving the gauge
equivalence of the related Lax pairs. However, demonstrating the ¢ part is quite difficult
in this approach, and it is also hard to employ this method to study hierarchies of
non-isospectral evolution equations.

In the present paper, we firstly convert the usual Lax pairs for the isospectral and
non-isospectral Mkdv hierarchies into Lax pairs in Riccati form, then by using an
obvious invariability for the t part of the new Lax pair, we obtain concisely a unified
explicit form of Backlund transformations for the isospectral and non-isospectral Mxav
hierarchies, and we also obtain a superposition law for these hierarchies of equations.
The advantage of our approach is that it not only enables us to get Backlund transforma-
tions for the isospectral and non-isospectral hierarchies in a unified way, but also
makes the procedure much simpler and clearer than in the previous method. Further-
more, our approach can also be employed to study other hierarchies of equations,
such as the isospectral and non-isospectral kdv and AkNs hierarchies [12].

For clarity, we first consider the isospectral mkdv hierarchy in section 2, and then
consider the non-isospectral case in section 3.

2. Backlund transformations for the isospectral mkdv hierarchy

In this paper we always assume that g(x, f) is a smooth function of x and ¢, and g
and its derivatives to any other with respect to x tend to zero rapidly when x > —~c,
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Consider the isospectral MKdv hierarchy

g.=K,=¥"g, n=0,1,2,... (2.1)
where

¥ =V¥(q)=D’+4q’+4¢9.D"'q=D(D+49D 'q)
and

=ad; D"=J:C dx’ vo=1
Equation (2.1) has the following Lax pair [13]:

Vi=MV V.=N,V (2.2)

where

U] 77 q An Bn )
V = M = ]V,1 = <
(UZ) <_q - 77) Cn —An
7 is the spectral parameter with 7, =0 (due to this we call the hierarchy of equations
(2.1) the isospectral hierarchy, and the case 7, # 0 corresponds to non-isospectral

hierarchy), and A,, B,, C, are defined by

B,+C,=Y 47 "w""'Dg Bo+ Co=0 n=1,2,... (2.3)
=1

n—1
B,—C,= 3 2(4n7)/(D+4gD7'¢)¥""'"'Dq+2(47n%)"g
=0

= ,io 2(47%)'[(D+49D 'q)D]" g n=0,1,2,... (2.4)
A,=D7'q(B,+C,)+ (477 n=0,1,2,.... (2.5)
Let T = v,/ v,, then from (2.2) we have
[,=-q(1+T%)-29T (2.6a)
Ir,=C,-24,I'-B,I"=%C,-B,)(1+T?)+4C,+B,)(1-T?)-24A,T. (2.6b)
Define ¢ =tan™'T, then (2.6) can be written as

¢y =—g—msin2¢ (2.7a)
¢, =3(C,—B,)+3(C,+ B,) cos 2¢ — A, sin 2¢. (2.7b)

From the boundary conditions of ¢ we can assume that ¢ and its derivatives to
any order with respect to x tend to zero rapidly when x » —co. (If ¢ tends to infinity
we can assume I'=v,/v,..) Now we define

Ve, 1) =D*+4¢2—4¢,D ¢y +47n7sin’ 20 + 8720 D' sin 2¢ cos 2¢
T(e,n)=D+2n cos 2¢.
It is easy to prove that

(@) T(e, n)=T(e, m¥(e, 7). (2.8)
By using the above formula we have the following lemma.

Lemma 2.1. If q(x,t) and ¢ are related by (2.7a), then
%(Cn - B,,)+%(C,, + Bn) cos 2¢ _An sin 2‘P = @((P, 77)"<Px-
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Proof. From (2.3)-(2.5) we have
HC,~B,)+%C,+B,) cos2¢ — A, sin 2¢

n-1
- _ Z (4n:)’(D+4qD_lq)an—’—]Dq—(4772)"(1
=0

+cos ch Z 22/—ln21—l\ynvqu

=1

—2sin2¢ Y 2¥7 'Y 'D7'q¥" g, — (497)"n sin 2¢

=1

=Y (4n7)(D+4gD ')V 'To, +(47°)" (¢ + n sin 2¢)

—cos2¢ ¥ 22T T,

i=1

+sin 2¢ Z 227D g T, — (417) " sin 2¢
= N N g1 240

=Y (4n7)(D+4gD7'q)T¥" "o +(40%) "¢
=0

—cos2¢ Y 22 I T g +sin2¢ Y 22p¥ 7' D T qT " g,
=1

=1
=Y 2 7n*(D+4gD g -2ncos 2¢ +4nsin2¢D7'q)
x T o +(477) 0,

Z 21 2 21-2 \I’ 4_’7 )\I}n I¢x+22nn7n¢x

=T,
where T=T(¢, 1), ¥ =¥(q), ¥V =¥(¢, n). L]
Lemma 2.2. 1f ¢ satisfies (2.7b), then g defined by (2.7a) satisfies the nth-order Mkdv
equation (2.1).
Proof. From (2.7), (2.8) and lemma 2.1 we have
q.=—(D+2ncos2e)g,

=—Tg,

=-T¥"p,

=-¥"Te,

=¥,

which proves the lemma. O
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Now we are prepared to construct a Backlund transformation for equation (2.1).

Theorem 2.1. Let g(x, t) be a solution of equation (2.1), and V satisfy equation (2.2),
and 7, be any constant such that Re n,<<0 then

q = q+2(‘p(xs t, n()))\’ = q+2¢l)\‘ = q+2(tan71 r())\ (29)

also satisfies equation (2.1).

Proof. From our assumption we know that (¢, n,) satisfies equation (2.7b), and ¢,
has the required boundary condition. Since Ve, 1) is invariant under the transforma-
tion (¢, n) —(—¢, —m) we know from lemma 2.1 that {—¢,, —7,) also satisfies equation
(2.7b). Define § =—(—¢,), —(—n) sin 2(—¢,), then from lemma 2.2 we know that §

also satisfies equation (2.1), which proves the theorem. ]

Theorem 2.2. If q(x, t) is a solution of equation (2.1), V satisfies equation (2.2), n,, 1
are any constants such that Re n,<0, Re n <0, then ¢ defined by

—7sin ¢ + 71 sin(2<p(.—<p)>
7 COS ¢ — 1o cos(2¢5— @)

¢ =¢(n, 1o, X, t)=tar1"'<
is a solution of equation (2.7a) and (2.7b) with ¢ replaced by
q = q+2¢(x’ ta 770).\' = q +2(P()\

n

&(m, o, %, 1), =V (&, )6, ¢ =—§~nsin2e.

The proof of theorem 2.2 is given in appendix 1. From this theorem and lemma
2.2, we know that for any constant 7, such that Re n, <0 the § defined by §=
Gg+2&(n,, ny, x, 1), is also a solution of equation (2.1). So theorem 2.2 makes the
further process of the Biacklund transformation (2.9) an algebraic calculation.

3. Backlund transformations for the non-isospectral Mxav hierarchy

Consider the non-isospectral Mkdv hierarchy

4., =¥(q)"(xq:+q) n=0,1,2,.... (3.1)
Equation (3.1) has the following Lax pair [13]:

V=MV V,=N,V (3.2)

)G ()
U2 -9 —9q Cn —An

and the spectral parameter 7 satisfies 7, = 5(4n°)" (non-isospectral), A,, B,, C, are

where



Isospectral and non-isospectral MKdv hierarchies
defined by

B,.,+C,, - Z 22lnll—l\yn>l(xq)x
=1

_ z 221n21A1\yn~l[(D+2n cos 2¢)(x(p‘)+ n sin 2(,0]
1=1

I

— Y 223 (D +27 cos 20) " (xg.)
=1

- Z 229 Wy sin 2¢ n=1,2,...
Bo+ Co=0

B,-C,= 2 22" (D+4gD7 )" T (xq)x +2(4n7) "xq

=0

n—1

=—Y 22" (D+4gD 'q)(D+27 cos 2¢)¥" 7 (xg,)

=0
= 2(477)"x¢, — Z 2" (D+4gD 'q)¥" "y sin 2¢

—27n(477)"x sin 2¢ n=0,1,2,...
A,=D"'q(B,+C,)+2(4n)"x

i

I=1

= -3 2¥p¥ D 'g(D+27 cos 2¢)¥" " (x¢,)
iz

Z 2[ 20— ID q\yn ln Sln2¢+7)(477 n:0,1,2,""

We define ¢ =tan"'(v,/v,), then as in section 2 we have
¢ =—g—msinle
¢, =3C,—B,)+3C,+B,) cos 2¢ — A, sin 2¢.
Lemma 3.1. If g and ¢ are related by (3.6a), then
YC,-B,)+4C,+B,) cos 2¢ — A, sin 2¢

=Y (27)* " '(4n2e. D sin’ 2¢ — 277 sin 2¢ cos 2¢ +27¢,)
i=1
+P"(xp,).

The proof is given in appendix 2. Now define
E(e,m) =40 D7 'sin’ 2¢ —271% sin 2¢ cos 2¢ +2n¢,
then if g and ¢ are related by equation (3.6a), we have

Y(g)nsin2¢ =T(¢, n)E(e, n)+4n’sin2¢.

2871

(3.3)

(3.4)

=Y 22n¥ D7 'q¥"'[(D+27 cos 2¢)(x¢,) + m sin 2¢]+ n(4n°)"x

(3.5)

(3.6a)
(3.6b)

3.7
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Lemma 3.2. If g and ¢ are related by equation (3.6a), then

q,—-¥(q)"(xq), =-T(e, n)(% —¥(e, )" (xe.) - Z (27)* ¥ (g, 1)"'E(e, n)>.

=1
Proof. By using identity (2.8) and (3.6a), we have
g, —¥(q)"(xq)«
=—T(¢, )¢, —n(4n")" sin 20 +¥(q)"T (¢, n)(xp,)+¥(q)"n sin 2¢
=-T(e, ne+ T¥(e, )" (x¢.)

+ 3 272 W (q)" T [W(g) n sin 2¢ —4n° sin 2¢]
I=1

=-T(¢,n)¢,+ T¥ (e, n)" (xp.)+ [Z 227 ()" T (e, m)E(@, 1)

=-T(o, n)(so, —¥(e, 1) " (xes) — Z 227292 (g, )" E(e, n))

1=1

above, we also used (3.7). The lemma is proved. O

Theorem 3.1. If q satisfies equation (3.1), V is a solution of equation (3.2), 7, is any
constant independent of x and satisfies the conditions n,, = 10(4713)", Re 1, <0, then

g=q+2¢(x, 1, Mo)x=q+2¢p0, (3.8)

satisfies the following equation

4= V(@) (0.~ £ 22m)* (@) g =0, (39)

Proof. Denote ¢ = —¢,, 7 = —7,, then by using the definitions of § and \ff, lemma 3.1,
lemma 3.2 and identity (2.8) we have

§=—¢«—17sin2¢
g =¥ ()" (xq)x
=-T(, ﬁ)(cﬁ, =~V )" (360 = 2 2@, 1) TE(S, ﬁ))
=-T(&, ﬁ)<‘¢0r ‘HI’(‘PO, 'f)o)n(x‘%x)"'li‘ (2")0)21_2@(@), n0)" 'E(¢o, 7o)
—[é (2770)2[4@(‘%, 770)"_I4ﬂ0¢0x>
=-T(¢, ﬁ)( —Iﬁl @7)* (g, ﬁ)""4ﬁ¢x)
=2 202m0)" ("G,

thus the theorem is proved. O
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Theorem 3.2. Let g, V and 7, satisfy the assumptions of theorem 3.1, and 7 satisfy
same conditions as 7, does. Define

(sztan_](—n sin o+ 1o sin(2¢>o—¢)) (3.10)
m €OS @ — 7o €0s(2¢0— ¢)
then ¢'" satisfies the following equations:
o)==g—nsin2¢'" (3.11a)
@V =T(e", n)(xe)+ Z ) ¥ (e, 7)"E(e'", n)
+ 2 202n0) (e, m)" el (3.11b)
=1

The proof of (3.11a) is same as the proof given in appendix 1. From the identity
(2.8) and (3.11a) we have

0=g,-¥(g)"( Z, 2(210)* 7' (§)""'ge
=—T(<P‘”,n)(w‘.”—q’(qo”',n)(xwi”)

—IZ (2n)2"2‘i’(¢“’,n)""E(w‘”,n)—[Z 2(2m0)" W (", )" ‘<p‘x”)-
=1 =1

The derivation of the above identity is similar to that of lemma 3.2. Since E(—¢'", n)=
—E(¢'", m), we can prove (3.11b) by following the argument given in appendix 1.

Theorem 3.2 makes the further process of the Backlund transformation (3.8) an
algebraic calculation. To state more explicitly, we denote ¢'" defined by (3.10) by
e V(x,1,m0, m). Let

eV (x, t,n)=@(x, 1, n)

(k=1 (k=0 (k—1)
- 7 sin @ + M sin(2el — @ ))
X, b Moy My evs Nk—1, =tan =
e Mo, T Me-1, M) ( 7 COS¢(k 1) N lcos(z‘P(k n (k U)

where

k
el =00 Moy M, iy, )

and 7o, 7, ..., 7 are defined as 75, given in theorem 3.1. Then by using theorem 3.2
and following the similar argument as the one given in the proof of theorem 3.1, we

know that ¢'* defined by
9'"=gq
k (3.12)
gt =q""" 205N k=1,2,...

satisfies the following equation:

n

_q,(q(k)) (Xq Z Z 2(277] 21 \\I,(q(k))n qurk)—o (3.13)

I=1j=0
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Unlike the isospectral case, for the non-isospectral case the Biacklund transformation
(3.12) is not an auto-Bécklund transformation. Since the Lax pair of equation (3.13)
can be obtained by a linear combination of the Lax pairs (2.2) and (3.2), from the
derivation of (3.2) we know that we can also start with the equation (3.13) instead of
the equation (3.1) to obtain a Bicklund transformation similar to (3.12). For example,
we can start with the solution §(x, t) of the following equation:

n k-

g, ~¥(g)"(xq) + ’Z ) 2(29,)" "' (9)" . =0. (3.14)

=1 j=

Firstly define ¢'*'(x, t, 7) by using the Lax pair of equation (3.14) as we define ¢ at
the beginning of this section, then from ¢‘”’ we define ¢'*’ as we define ¢'*'. Let

4(0)=q é(k)=(i(k_”+2§5§<k:12 k=l,2,...
then '’ satisfies the equation (3.1).
Remark. The equation ¢, =Ve, =@.+2¢ +6n%¢,sin’2¢ is called the cDF
(Calogero-Degasperies-Fordy) equation [14]. In this paper we have obtained its
hereditary symmetry ¥, and the cprF hierarchy. So we can, further, get two infinite
sets of symmetries and their Lie algebraic structure for this hierarchy of equations.

We can also study the symmetries and the related Lie algebraic structure for the
hierarchy of equations given by (3.64).
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Appendix 1. Proof of theorem 2.2

Firstly, we define
(51>=(n—nocos2cpo -~ N 5in 2, ><v1>
Dy Mo sin 2¢, —7 — 10 €08 2¢0/ \ U
then from equation (2.2) we have
O1x — (D) + §0,)
= 270@ox $IN 2000, + (1 = 7 €08 2¢0) (N + qU2) = 2Mo@ox €OS 200,
= Mo $in 2@o(—qv; = nt2) = [n(n ~ 1o €08 2¢0) v, — N1, sin 2¢e0,
(g1 2¢0x) M0 8in 20001 — (g +2¢0,) (1 + 16 €O 2¢0) 1]
=2m0m sin 2¢,0,+ 21qU; + 2@ Vs
=0.
Similarly we have

Uy = =T, — qi).
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So

-1

— tan (o Sin 2¢0— (1 + mo 03 2¢,) tan cp)

(1 — 1m0 €0Os 2¢,) — Mo sin 2¢, tan ¢

=tan~,( Mo sin(2¢,~¢) = 7 sin w)
7 €os ¢ — 1o Cos(29o—¢)/

Then by following the derivation of (2.7) we have
q = _95\' -7 sin 2‘5

From (2.8) and the above identity we get

(G~ ¥ (§)"ge) = —(D+27 cos 2¢)(¢, — ¥ (&, n)"&.).

However, theorem 2.1 insures that § satisfies equation (2.1),
@t =\I,(¢', n)n@x +f( I, 7 770) exp<——277 J’
From the definition of ¢ we can write ¢, as

F(qp _a_ﬁgg aZn-v—l(PO a2n*l(}p
05 ax7"'s 8x2n+| 9‘P,‘-'9ax2n+1

by using the fact that @(—qz, n)= ‘I’(qo, 1) we have

alnw—l(PU 82n+l¢ 62"+l¢0
F(—¢0a"',_ax2n+|a_gp,-"’_a_xm =F (P()’"'y-a_;sz]—’(P"'
On the other hand, we can denote ‘if(cﬁ, 1) ¢, by
82n+1¢0 ava-)‘P>
H s T T s Py e T
<‘p° axarie @ ax>"!
and we have
2n+l<p0 2n+1 82n+1¢
0
H("(Po,-u, TRl e “W)z_H<‘Po,---,W,<P,---

So we get f(1, , ny) =0. Thus the theorem is proved.

SO

(cos2¢—1) dx’—2nx).

2n+1

o)

* axZn-H

82n+1

2875

qo)_

’ ax2n-*-1
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Appendix 2. Proof of lemma 3.1

From (3.3)-(3.5) and (3.6a) we get
YC,—B,)+5C,+B,)cos2¢ — A, sin2¢

n—1 -
=Y 2Y'n*(D+4gD7'q) T¥" """ (xg,) + 270" xe,

1=0

n—1
+ Y 2 (D+4gD ')V " sin 2¢ +27"n*"x sin 2¢
1=0

—cos2¢ ¥ 227 T Ixe, —cos 2¢ Y. 227 MW Iy sin 2¢

=1 =1

+sin 2¢ IZ 2 DTG TE " (xey)
=1

+sin2¢ Y 2¥p* 7 'D7'q¥" 'y sin 2¢ — 22" 'x sin 2¢
i1=1

k
=Y 2¥?n*'"}(D+49D 'q-2n cos 2¢ +4n sin2¢D7'gq)

TV (xp,) + 22" "xp,

+3 2M 2 AD+4gD 'q—27m cos 2¢ +47 sin 29D ' q)¥" 'y sin 2¢
I=1
=¥ (xg,)+S
where
§=Y 222p*"YD+4qD™'q—27 cos 2¢ +4n sin 2¢D ' q)¥" 'y sin 2¢.

i1=1

By using the identity (3.7) we have

i 7 A(D+4gD 7 'g—2n cos2¢ +4n sin2¢D " 'q)¥" " (TE +47°sin 2¢)

+22"_27]2"_2E

n—1
=Y 2" (D+4gD 'g-2n cos ¢ +4nsin2¢D ') TY"''E

I=1
+22"_2772"_2E +47’2 nil 221—27721-2
=1
x(D+4gD 'g—27n cos2¢ +4nsin2¢D 'g)¥" "y sin 2¢
— "il 221-21721—2({1'/ _4n2)‘i,n—l—lE +22n-2n2n—2E +4772 "z_:l 221—21721—2
=1 I=1
x(D+4gD 'qg—27n cos 2¢ +4nsin2¢D 'q)¥" "'y sin 2¢

22’_2772’_2‘1"‘—15-

1

!

Kt

Thus the lemma is proved. O
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